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LIMIT STATE OF STRUCTURAL ELEMENTS

DURING INELASTIC DEFORMATION

UDC 539.376+539.4A. F. Nikitenko and B. S. Reznikov

It is shown that, in the case of an axisymmetric stress state, the solution of the statically definable
boundary-value problem for an ideal rigid-plastic body using the Mises–Schleicher strength criterion
is extended to the rigid-creep model with any specified creep-rupture strength and corresponds to the
limit state of a real creeping body.
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A procedure of limit equilibrium analysis for structural elements subjected to constant external temperature
and force loads was proposed in [1, 2] using Rabotnov kinetic theory which describes all three stages of creep with
damage accumulation taken into account from phenomenological positions. According to this procedure, one should
first solve the problem under the assumption of steady-state creep and then require that the obtained stationary
stress field satisfy the condition of transition of the material of the structural element to the limit state. In the case
of a uniformly heated solid (structural element), this condition has the form

σe = σ∗, (1)

where σe is the equivalent stress (a function of the first power which is homogeneous in stress) which is analytically
approximated by the corresponding creep-rupture strength criterion and σ∗ is the creep-rupture strength of the
material. In the following, as the physical relations of the steady-state creep we use the flow law associated with
the surface σe = const:

ηij =
W

σe

∂σe

∂σij
, W = Bσn+1

e , i = 1, 2, 3, j = 1, 2, 3. (2)

Here ηij and σij are the components of the creep strain rate of and stress tensors, respectively, B and n are material
characteristics, and W = σijηij is the energy dissipation power in the creeping material. Supplementing Eq. (2) by
the equilibrium equations with the corresponding boundary conditions, the Cauchy relations, and the continuity
equations for the creep strain rates, we obtain a system of equations for calculating the stress–strain state of an
arbitrary body loaded by external forces.

In Eq. (2) we represent the quantity W as W = B1(σe/k)n+1. Then, (W/B1)1/(n+1) = σe/k, where σe = k

as n → ∞. Thus, in the case n → ∞, the mathematical model of steady-state creep (2) degenerates into a
mathematical model of an ideal rigid-plastic body if k = σy or the model of a rigid-creeping body if k = σ∗ (σy is
the yield point of the material).

For plane problems of inelastic deformation, we formulate the following conclusion. If on the surface of
the body, the boundary conditions are specified only in stresses, then supplementing the equilibrium equations
by the condition (1) of transition of the material of the body to the limit state, we obtain a statically definable
problem which does not depend on the physical relations of inelastic deformation. Thus, it can be argued that
the solution of the boundary-value problem for ideal rigid-plastic bodies is extended to the model of rigid-creeping
bodies with any specified creep-rupture strength σ∗, and σ∗ � σs (σs is the creep strength of the material; therefore,
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σs � k � σy). This statement was formulated in [3] provided that σe is the stress intensity. In [3], it is noted
that there is an analogy between the solution of specific problems (beam bending, rod twisting, etc.) under the
assumption of steady-state creep of the material with an exponential law and the solution of the same problems
under the assumption of ideal rigid-plastic behavior of the material. The analogy lies in the fact that, as the creep
exponent tends to infinity, the stress distribution in a uniformly heated body tends to the ideally plastic distribution
which is considered limiting in plastic theory and corresponds to a particular value of the external load. It is easy
to show that the statement formulated in [3] and based on the analogy between the solutions of the corresponding
problems for n → ∞ is a special case of the calculation of structural elements from the limit equilibrium. It should
be noted that in [3] there is no formulation of condition (1) or a similar condition of the limit state of a creeping
body.

Condition (1) can be used to calculate the limit external load that provides equal strength of the body at
any time up to the moment of exhaustion of its carrying capacity [1, 2]. It is obvious that this value depends
significantly on the chosen creep-rupture strength criterion. Below we use the Mises–Schleicher criterion, which
follows from the generalized criterion [4]

σe = σif(ζ) + βσ0. (3)

Here σ0 = σijδij/3 is the hydrostatic stress tensor component, σi =
√

3sijsij/2 is the stress intensity, sij =
σij −σ0δij are the stress deviator components, δij is the Kronecker symbol, β � 0 is the internal friction coefficient,
and ζ is the stress mode angle. In [4], where the function f(ζ) is approximated by

f(ζ) = [1 + α(sin 3ζ)λ]1/(2ν), (4)

a procedure for determining the characteristics α, λ, and ν is described and various cases of transition of criterion
(3) to known criteria are considered. In particular, for ζ = mπ/3 (m = 0,±1,±2), we have f(mπ/3) = 1 and the
generalized criterion (3), (4) degenerates into the well-known Mises–Schleicher criterion σe = σi + βσ0.

We write the principal components σ1, σ2, and σ3 of the stress tensor in trigonometric form [5, 6]

σ1 = (2/3)σi sin (π/3 − ζ) + σ0, σ2 = (2/3)σi sin (ζ) + σ0,

σ3 = −(2/3)σi sin (π/3 + ζ) + σ0,
(5)

and σ1 � σ2 � σ3 if −π/6 � ζ � π/6, σ1 � σ3 � σ2 if −π/2 � ζ � −π/6, and so on for the other ranges of ζ. For
ζ = mπ/3 in case of, for example, −π/2 � ζ � −π/6, Eq. (5) leads to

σ1 =
√

3σi/3 + σ0, σ3 = σ0, σ2 = −√
3 σi/3 + σ0, (6)

where the maximum shear stress is τmax =
√

3 σi/3.
It is obvious that the stress state (6) is pure shear with the hydrostatic pressure imposed on it, which is the

case for a plane strain state [5, 6].
Using the Mises–Schleicher criterion, condition (1) for the limit state of the body material is written as

σi + βσ0 = σ∗. (7)

In view of (7), relations (2) in the principal axes of the stress tensor in cylindrical coordinates (r, ϕ, z) become

ηϕ = Bσn
e

(3
2

sϕ

σi
+

β

3

)
, ηr = Bσn

e

(3
2

sr

σi
+

β

3

)
, ηz = Bσn

e

(3
2

sz

σi
+

β

3

)
. (8)

It is obvious that ηϕ + ηr + ηz = 0 only for β = 0. We next perform the limit equilibrium analysis for a plane strain
state. For plane strains, ηz = 0 [5, 6], and, hence,

σz =
σϕ + σr

2
− β

3
σi. (9)

It is easy to show that σ0 = σz + (2/9)βσi and the stress intensity is equal to

σi =
3
2

β0

β
(σϕ − σr). (10)
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In view of (9) and (10), relations (8) finally become

ηϕ =
β

2

( 1
β0

+ 1
)
Bσn

e , ηr =
β

2

(
− 1

β0
+ 1

)
Bσn

e , ηz = 0; (11)

σe =
β

β0

(σϕ − σr

2
+ β0

σϕ + σr

2

)
, β0 =

√
3β

√
9 − β2

. (12)

We note that, in the case β = 0, relations (8)–(12) reduce to the well-known relations [3, 6], and in this case,
σe = σi.

To determine the stress–strain state of a body and the limit external load, it is necessary to supplement
Eqs. (7), (11), and (12) by the equilibrium equation and the continuity equation for the creep strain rate. For
structural elements in an axisymmetric stress state with no shear stresses, we have

dσr

dr
+

σr − σϕ

r
= 0; (13)

dηϕ

dr
+

ηϕ − ηr

r
= 0. (14)

We introduce the stress function Φ = Φ(r) such that

σϕ =
d2Φ
dr2

, σr =
1
r

dΦ
dr

. (15)

In this case, the equilibrium equation (13) is identically satisfied. After appropriate standard operations using
(11)–(15), we obtain a third-order differential equation (Euler equation) for Φ(r). Its corresponding characteristic
equation has different real roots k1 = 0, k2 = ν1, and k3 = 2 − ν2, where

ν1 =
2

1 + β0
, ν2 =

ν1

n
. (16)

Consequently, the solution of the Euler equation has the form

Φ(r) = C1 + C2r
ν1 + C3r

2−ν2 . (17)

In view of (15), from (17) we obtain

σϕ = ν1(ν1 − 1)C2r
ν1−2 + (2 − ν2)(1 − ν2)C3r

−ν2 ,

σr = ν1C2r
ν1−2 + (2 − ν2)C3r

−ν2 .
(18)

The constants C2 and C3 in (18) are determined from the boundary conditions.
According to the procedure described above, in order to calculate the limit external load acting on a body, it

is necessary to require that the stationary stress field (18) satisfy condition (7). Substitution of (18) into (7) yields

(2 − ν2)(2 − ν1 − ν2)
2 − ν1

C3r
−ν2 =

σ∗
β

. (19)

Equality (19) should be satisfied simultaneously at all points of the body, i.e., it should not depend on r. This is
possible if ν2 = 0, which, in view of (16), is equivalent to the condition n → ∞. Therefore, Eq. (19) leads to

2C∗
3 = σ∗/β, (20)

where C∗
3 is a constant C3 expressed in terns of the maximum load. Similarly, we denote by C∗

2 the constant C2

expressed in terms of the maximum load. The stresses corresponding to the limit state of the body are found from
formulas (18) through the use of (20):

σϕ = ν1(ν1 − 1)C∗
2 rν1−2 + 2C∗

3 , σr = ν1C
∗
2rν1−2 + 2C∗

3 . (21)

As noted above, σe = k as n → ∞; hence, it is obvious that expression (20) for the maximum load acting on
a creeping body is also valid for ideal rigid-plastic bodies if the creep-rupture strength of the material is replaced by
its yield point. Similarly, the stress relation (21) for the limit state of a creeping body is valid for ideal rigid-plastic
bodies if σ∗ is replaced by σy.
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If β = 0, the Mises–Schleicher criterion degenerates into the Mises criterion, and the condition of transition
of the body material to the limit state becomes σi = σ∗. From (12) and (16), it follows that β0 = 0, ν1 = 2, and
ν2 = 2/n for β = 0 (ν2 = 0 for n → ∞). Hence, the characteristic equation corresponding to the Euler equation for
the function Φ(r) has the following roots: k1 = 0 and k2 = k3 = 2. The stress function Φ(r) corresponding to the
limit state of the body is written as

Φ(r) = C∗
1 + C∗

2 r2 + C∗
3 r2 ln r,

and the stresses are expressed as

σϕ = 2C∗
2 + 3C∗

3 + 2C∗
3 ln r, σr = 2C∗

2 + C∗
3 + 2C∗

3 ln r. (22)

Taking into account that σi =
√

3 (σϕ − σr)/2 and using (22) instead of (20) to calculate the maximum load, from
the condition of the limit state σi = k we obtain the relation

2C∗
3 = 2k/

√
3. (23)

As an example, we consider the creep of a thick-walled pipe acted upon by internal pressure p. In this case,
the boundary conditions are given by

σr(a) = −p, σr(b) = 0, (24)

where a and b are the inner and outer radii of the pipe, respectively. Substitution of (18) into (24) yields

ν1C2 = − b2−ν1p

βν2
1 (β2−ν1−ν2

1 − 1)
; (25)

(2 − ν2)C3 =
bν2p

βν2
1 (β2−ν1−ν2

1 − 1)
, (26)

where β1 = b/a.
Denoting the limit pressure p∗∗ and using (26) for ν2 = 0, from (20) we obtain

p∗∗ =
β2−ν1

1 − 1
β

σ∗. (27)

Using (27), from (25) we calculate ν1C
∗
2 , and thus, from (21) we obtain the stress field for the limit state of the pipe

σϕ =
1 − (ν1 − 1)ρ2−ν1

β
σ∗, σr = −ρ2−ν1 − 1

β
σ∗, ρ =

b

r
. (28)

In (27) and (28), replacing σ∗ with σy, we find the limit pressure and its corresponding stress field in the cross
section of the pipe for ideal rigid-plastic deformation of its material.

For β = 0, using (22) from (24) we obtain

2C∗
3 = p∗∗/ lnβ1, 2C∗

2 = −p∗∗(ln b + 1/2)/ lnβ1,

and, thus, from (22) we have

σϕ =
p∗∗
ln β1

(1 − ln ρ), σr = − p∗∗
ln β1

ln ρ, (29)

and from (23), we have

p∗∗ = (2/
√

3 )k ln β1. (30)

It is obvious that formulas (29) and (30) coincide with the well-known results [3]. We note that relations (29) and
(30) follow from (28) and (27) (ν1 → 2 as β → 0).

Thus, the solution of the boundary-value problem for an ideal rigid-plastic body is completely extended to
the rigid-creep model with any specified creep-rupture strength of the material, and vice versa. In this case, the
approximations of the equivalent stress σe in the condition of the transition to the limit state and the flow law
associated with the same surface σe = k should be the same. The solutions obtained for the rigid-creep model
correspond to the limit state of a real creeping body.
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